ABSTRACT. We prove that the remarkable hypersurface found by H. Takagi in 1972 (as the first counter-example to the Nomizu conjecture on semi-symmetric spaces) is locally rigid. 
B) M is locally rigid. C) M is locally isometrically deformable in a unique way: to every sufficiently small domain Σ ⊂ M there is (up to congruence) exactly one hypersurfacē Σ ⊂ R n+1 which is isometric to Σ and which cannot be obtained from Σ by rigid motions or reflections.
E . C a r t a n used the extrinsic method in his work, namely the fact that every hypersurface M ⊂ R n+1 with type number 2 can be obtained as envelope of a two-parameter system of hyperplanes.
In recent times, much attention has been paid to the global study of hypersurfaces with type number two. For example, M . D a j c z e r and D . G r o m o l l [4] studied complete hypersurfaces of type number two and gave some conditions for continuous deformability or rigidity. H . M o r i [8] also contributed to this topic. More recently, M . D a j c z e r , L . F l o r i t and R . T o j e i r o have given a revised version of the C a r t a n 's paper (cf. [3] ). The usual method used by all these authors is Cartan's method and the Gauss parametrization.
The authors of [1] offered a new approach to the study of local isometric deformations of hypersurfaces of type number two which can be called "intrinsic". This new method works as follows: take a Riemannian manifold of conullity two given in the explicit form in some local coordinates. Now, try to embed this manifold isometrically as a hypersurface in Euclidean space. This gives limiting conditions for the metric because a tensor field S of type (1, 1) ("a shape operator") must exist which is symmetric, of rank two, and satisfies the Gauss and Codazzi equations. If such S exists, then the corresponding hypersurface exists, its type number is two, and it is uniquely determined, at least locally, up to a congruence by this shape operator S (see [6, Chap. VII, Sect. 6]). If we start from an orientable hypersurface with type number two, we consider the induced Riemannian manifold (M, g), and the problem of isometric deformation is reduced to the question if there exist other potential shape operators S on (M, g) besides the two canonical ones, ±S c , belonging to the given hypersurface. If S is uniquely determined up to a sign, the hypersurface must be (locally) rigid.
V . Há j k o vá [5] (see also [1] and [7] ) used this method systematically in order to present classes of examples of all kinds A), B) or C). The intrinsic geometry of all these examples was what we call "non-elliptic foliated spaces of conullity two". In the present paper we apply the intrinsic method for the first time to an example which belongs to the class of "elliptic foliated spaces of conullity two". (See [1] for the detailed explanation of these notions.)
The aim of this paper is to prove the following:
Å Ò Ì ÓÖ Ñº The Takagi hypersurface is locally rigid.
Let us remark that D a j c z e r and G r o m o l l in [4] proved nice general rigidity theorems for complete hypersurfaces. Yet, the only result concerning the 3-dimensional case is [4, Theorem 3.11] , which can be formulated (in this special dimension) as follows:
Let M be a complete and locally irreducible hypersurface in R 4 (with type number 2) whose scalar curvature s satisfies either s > 0 or s < ε < 0. Then M is globally rigid.
The Takagi example satisfies the first two assumptions but, as we shall see, not the last one because the scalar curvature is negative and not separated from zero. Thus we prove the global rigidity in the situation when the above theorem cannot be applied. Yet, in our paper we prove more -namely the local rigidity of this hypersurface, where the completeness is not assumed. In our computation we use the software Maple.
In the sequel we shall need the following lemma: 
Proof of the Main Theorem
with the definition domain
The type number of M is two, everywhere, and the induced Riemannian metric is complete, locally irreducible and such that the nullity space of the curvature tensor is one-dimensional. The components of the induced Riemannian metric (in the standard coordinates x, y, z, which are considered as global coordinates on M ) are
The components of the Ricci operator are ⎡
DEFORMATION PROPERTIES OF ONE REMARKABLE HYPERSURFACE
where
It is clear that α > 0 and β > 0. We choose an orthonormal moving frame we put
It can be checked easily that the corresponding basis always consists of Ricci eigenvectors and the corresponding Ricci eigenvalues are
Moreover, we see easily that span(W 1 ) is the nullity space of the curvature tensor R at every point. For the covariant derivatives of the basic vector fields we obtain
Here we see that b > 0. Due to our Lemma 1.1 we see that, for every local isometric deformation of M in R 4 , the corresponding shape operators S must be (in the corresponding definition domain U ⊂ M ) of the form
For the canonical shape operator S c of the Takagi hypersurface we obtain, using computer
for all tangent vector fields X, Y . If we use W i and W j (1 ≤ i < j ≤ 3) for X and Y in the equation (10) and use formulas (6) and (8), we get formally three vector equations. Every nontrivial coefficient of each of the vector fields W i , 1 ≤ i ≤ 3, in these vector equations must be equal to zero and we obtain the following differential equations:
Let us denote
From the equation (15) we obtain
and by the differentiation in the directions W 2 and W 3 we get
It can be verified (using computer) that W 1 (m) = 0. Then it is easy to see that using the equation (19) in the equations (12) and (14) we obtain linear combinations of the equations (11) and (13). Hence we can omit the equations (12) and (14) . Now we shall use the Gauss equation in the form
g(R(X, Y )Z, U ) = g(SY, Z)g(SX, U ) − g(SX, Z)g(SY, U ). (22)
We denote G = g(R(W 2 , W 3 )W 3 , W 2 ). From (22) and (8) we obtain (for arbitrary admissible shape operator S)
If we take for S our canonical operators ±S c , we obtain especially, using (9) and (7),
Whence there follow, among others, the formulas (5) and the formula for the scalar curvature
Putting z = y = 0 and x → +∞ we get s → 0. Thus, the assumption from [4, Theorem 3.11] is not satisfied. Now, let us go back to the formula (23). By the differentiation in the directions W 2 and W 3 we have
and after using (17), (19) and (20), the last formulas take on the form
Using (17), we can rewrite (21) in the form
Now we shall solve the system of equations (27), (28) and (29) by the Cramer's rule with respect to the derivatives
, (23) we see that the determinant of this system is equal to
For the solution of the system (27), (28), (29) we obtain
From the equation (16) we obtain
and we rewrite the equations (11) and (13) in the form
Here we obtained the system (31), . . . ,(36) of 6 PDE for 2 functions L and M . We are going to write down the integrability conditions of this system. We denote bym 2 ,m 3 ,l 2 ,l 3 ,l 1 ,m 1 the corresponding right-hand sides of these equations. For the Lie brackets of the vector fields W 1 , W 2 , W 3 we easily see from (6) [
Now, the integrability conditions of the system (31), . . . ,(36) are, due to (37)
Writing these conditions explicitly (using computer) we obtain the following six algebraic equations for L and M with coefficients which are known functions of x, y, z. (For the simplicity, we write m 23 = W 3 (m 2 ), G 23 = W 3 (G 2 ) and so on.) 
In what follows we shall use the following procedure: into each term of the form L i M j in the equations (43) and (44), where j > 1, we substitute for M 2 the expression
which follows from (19) and (23). (We will not use the equations (39), . . . ,(42), because they are consequences of the Gauss equation. We show this at the end of this section.) We iterate this operation until the symbol M occurs everywhere at most in the first power. After three iterations, the degree of the original equations will be reduced to three and we obtain the equations
